Open problems in topology, seventh status report  by Pearl, Elliott
Topology and its Applications 114 (2000) 333–352
Open problems in topology, seventh status report
Elliott Pearl
Atlas Conferences Inc., Toronto, Ont., Canada
Abstract
This is the seventh in a series of status reports on the 1100 open problems listed in the volume
Open Problems in Topology (North-Holland, 1990), edited by J. van Mill and G.M. Reed.  2000
Elsevier Science B.V. All rights reserved.
AMS classification: 54-06
Keywords: Problems; Solutions
Introduction
This is the seventh in a series of status reports on the 1100 open problems listed in
the volume Open Problems in Topology (North-Holland, 1990), edited by J. van Mill and
G.M. Reed [70–76]. The goal is to give a brief account of problems solved, by whom,
and whether preprints or articles are available. 181 solutions and 53 partial or consistent
solutions have been announced so far.
This report contains a matrix of problem numbers indicating those problems that are
still open. On the matrix, a numbered box is shaded in if the problem has been answered
absolutely or shown to be independent of ZFC. Half of a numbered box is shaded in if the
problem has been answered in part, for a special case, or consistently, since the volume
was published.
These status reports are intended to support the volume as a source book for current
open problems. Anyone who solves a problem is requested to notify both the author(s) of
the paper in which it appeared in the volume and one of the two editors of the volume.
E-mail address: elliott@mail.mathatlas.yorku.ca (E. Pearl).
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Solutions
Problem 5. Yes. Solved by J. Baker and K. Kunen. Baker and Kunen proved that if κ is a
regular cardinal, then there is a weak Pκ+ -point in U(κ), the space of uniform ultrafilters
on κ . A preprint is available [10]. Problem 5 only asked for the case κ = ω1. The weak
Pκ+ -point problem is still open for singular cardinals κ .
Problem 19. Yes. Answered by G. Gruenhage and J. Moore [52]. There is an ω-Toronto
space. An α-Toronto space is defined to be a scattered space of Cantor–Bendixon rank
α which is homeomorphic to each of its subspaces of rank α. Gruenhage and Moore
constructed countable α-Toronto spaces for each α  ω. Gruenhage also constructed
consistent examples of countable α-Toronto spaces for each α < ω1.
Problem 20. Yes. J. Stepra¯ns constructed a homogeneous, idempotent filter on ω.
Problem 57. Yes. Solved by Z. Balogh. By a theorem of M.E. Rudin, the existence of a
normal screenable nonparacompact space implies the existence of a normal, screenable
space which is not collectionwise normal [92]. Balogh’s example [12], together with
Rudin’s theorem, answers Problem 57. Balogh’s example provides a positive answer to
Problem 119.
Problem 97. Yes. Answered by K. Smith and P. Szeptycki [101]. Smith and Szeptycki
showed that, assuming ♦∗, paranormal spaces of character  ω1 are ω1-collectionwise
Hausdorff. A space is defined to be paranormal if every countable discrete collection of
closed sets can be expanded to a locally finite collection of open sets. Both countably
paracompact spaces and normal spaces are paranormal. Consequently, assuming ♦∗,
countably paracompact first countable spaces are ω1-collectionwise Hausdorff, answering
Problem 97 in the affirmative.
Problem 110. No. Answered by either of two constructions by Z. Balogh. Problem 110
asks if it is consistent that meta-Lindelöf collectionwise normal spaces are paracompact.
Balogh’s examples are in ZFC. Balogh constucted a hereditarily meta-Lindelöf hereditar-
ily collectionwise normal space which is not countably metacompact. Balogh constructed
a meta-Lindelöf, collectionwise normal, countably paracompact space which is not meta-
compact.
Problem 116. In Problem 116, S. Watson asked for a ZFC example of a Dowker space
of cardinality less than ℵω. In Problem 319, M.E. Rudin asked for a Dowker space of
cardinality ℵ1. Rudin remarked that “I would be equally happy to see a Dowker space of
cardinality c”.
Using pcf theory in ZFC, M. Kojman and S. Shelah proved the existence of a Dowker
space of cardinality ℵω+1 [62]. Z. Balogh gave a ZFC example of a Dowker space of
cardinality c [11], answering Rudin’s alternate problem.
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Problem 119. Yes. Answered by Z. Balogh [12]. See Problem 57.
Problem 144. Yes. Answered by R. Grunberg, L. Junqueira and F.D. Tall [53]. Any
strengthening of the topology on the real line which is locally compact, locally countable,
separable and collectionwise normal is an example of a collectionwise normal space which
can be made nonnormal by countable chain condition forcing. The Eric (van Douwen) Line
is such a strengthening [40].
Problem 145. Yes, consistently. Answered by R. Grunberg, L. Junqueira and F.D. Tall [53].
Suppose there is an uncountable regular κ such that κ<κ = κ . Then there is a nonnormal
space X and a countably closed cardinal-preserving P such that P forces X to be normal.
Problem 149. No. Answered by R. Grunberg, L. Junqueira and F.D. Tall [53]. Adding
a Cohen subset of ω1 with countable conditions will destroy the normality of a non-
ℵ1-collectionwise Hausdorff space. In particular, this countably closed forcing does not
preserve the hereditary normality of Bing’s Example G.
Problem 162. No. M. Tkachenko, V. Tkachuk, R. Wilson and I. Yaschenko [104] proved
that no T1-complementary topology exists for the maximal topology constructed by
E.K. van Douwen on the rational numbers [41].
Problem 172. Yes. Answered by J. Harding and A. Pogel [55]. They proved that every
lattice with 1 and 0 can be homomorphically embedded in the lattice of topologies on
some set. S. Watson said that this “is the most important question in this section”.
Problem 201. Yes. Answered by S. Shelah and J. Stepra¯ns. It is consistent with
MA+¬CH that a totally nontrivial (= nowhere trivial) automorphism exists. A preprint
is available [98].
Problem 223. No, consistently. A. Bella, A. Błaszczyk and A. Szyman´ski [20] proved that
if X is compact, extremally disconnected, without isolated points and of π -weight ℵ1 or
less then X is an AR for extremally disconnected spaces iff X is the absolute of one of the
following three spaces: the Cantor set, the Cantor cube ω1 2, or the sum of these two spaces.
This provides a negative answer to Problem 223 under CH.
Problem 229. Partially solved by E. Coplakova and K. P. Hart [30]. Coplakova and Hart
proved that if the bounding number b equals c then there exists a point p in Q∗ (the ˇCech–
Stone remainder of the space of rational numbers) such that p generates an ultrafilter
in the set-theoretic sense on Q and such that p has a base consisting of sets that are
homeomorphic to Q.
Problem 240. Yes. I. Farah proved a generalization of Problems 240 and 241 [46].
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Theorem. Assume Z is a βN-space, X is compact, κ is an arbitrary cardinal and
f : Xκ → Z. Then Xκ can be covered by finitely many clopen rectangles such that f
depends on at most one coordinate on each one of them.
Problem 241. Yes. Proved by I. Farah [46]. See Problem 240.
Problem 244. S. Shelah and O. Spinas [96] proved that for every n one can have a model
in which wn((ω∗)n) > wn((ω∗)n+1). This provides some information about Problem 244.
Problem 245. Yes, to the second part of the problem. S. Shelah and O. Spinas showed that
wn(ω∗) > wn(ω∗ ×ω∗) is consistent [97].
Problem 266. A. Dow and K.P. Hart [38] have shown that there are least 14 different
subcontinua of βR \ R: 10 in ZFC alone, four more under CH or at least six more
under ¬CH.
Problem 286. No. Answered by T. Eisworth and J. Roitman [45]. CH is not enough to
imply the existence of an Ostaszewski space.
Problem 287. Answered by T. Eisworth [44]. Eisworth showed that it is consistent with
CH that first countable, countably compact spaces with no uncountable free sequences are
compact. Consequently, it is consistent with CH that perfectly normal, countably compact
spaces are compact.
Problem 292. It was mentioned in the third status report that M. Rabus proved that it is
consistent with MA and t= ℵ2 = c that every ⊂∗-increasing ω1-sequence in P(ω) is the
bottom part of some tight (ω1,ω∗2)-gap [88].
In the discussion after Axiom 5.6 (p. 151), P. Nyikos wrote: “Of course, the really
interesting models are those where b < c, and there Problem 10 (= Problem 292) and
its analogue for higher κ (>ω1) seem to be completely open”.
Z. Spasojevic´ answered these questions by providing such models [102]. Spasojevic´
thereby provided new models (where b < c) which contain separable, first countable,
countably compact, noncompact Hausdorff spaces. The existence of such spaces is the
(still open in ZFC) title problem of Nyikos’s article.
Problem 296. Z. Spasojevic´ [102] showed that p = ω1 implies that there is a tight
(ω1,ω∗1)-gap in NN, according to Definition 6.8 (p. 157) by P. Nyikos. However, Nyikos
misstated the definition of a tight gap for a pair of families A, B in NN. Definition 6.8
should have specified that pair A, B has to be a gap in NN as well. In particular, f <∗ g
for each f in A, g in B. Problem 296, with the corrected definition of a tight gap in NN, is
still open.
It is this corrected version, and not the version of Problem 296 stated in the book, that is
needed for the construction of a separable, countably compact, noncompact manifold.
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Problem 303. No, surprisingly. Solved by D. Fearnley [47]. Fearnley contructed a Moore
space with a σ -discrete π -base which cannot be densely embedded in any Moore space
with the Baire property.
Problem 319. Z. Balogh gave a ZFC example of a Dowker space of cardinality c,
answering Rudin’s alternate problem. See Problem 116.
Problem 324. Yes. Z. Balogh proved that for every uncountable cardinal κ there is a space
X such that:
(1) the product of X with every metrizable space is normal;
(2) X has an increasing ω1-cover with no refinement by fewer than κ closed subsets
of X.
This implies a postitive answer to Problem 324 and proves the second (and thus all three)
of K. Morita’s duality conjectures. A preprint is available.
Problem 329. Problem 329 is Michael’s Conjecture: There is a Michael space. J. Moore
proved that it is consistent that there is a Michael space of weight less than b [78]. Moore
also proved that d= cov(Meager) implies that there is a Michael space.
Problem 333. Yes, for part (b) and (d). S. Shelah proved that, consistently, every maximal
almost disjoint family has cardinality strictly bigger than the dominating number, that is,
a> d. This is one of the oldest problems on cardinal invariants of the continuum. Shelah
also proved the consistency of a> u. A preprint is available [95].
Problem 373. Partially solved by W.-X. Shi. Problem 373 asks if every perfect generalized
ordered space can be embedded in a perfect linearly ordered space. Shi proved that any
perfect generalized ordered space with a σ -closed-discrete dense set can be embedded in a
perfect linearly ordered space [99].
Problem 374. Y.-Q. Qiao and F.D. Tall [103] have shown that this problem is equivalent
to several classic problems of Maurice, Heath and Nyikos and to a corrected version of (the
first part) of Problem 175.
Problem 376. No. Solved by W.-X. Shi [100]. Shi constructed an example of a non-
metrizable compact linearly ordered topological space, every subspace of which has a
σ -minimal base. H. Bennett and D. Lutzer had constructed an example that was not
compact [21].
Problem 382. No. W.L. Saltsman constructed an example of a complete, connected,
countable dense homogeneous (CDH) metric space which is not strongly locally homo-
geneous (SLH). A preprint is available. Saltsman had constructed, under CH, a connected
CDH subset of the plane which is not SLH [94].
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Problem 387. Yes, to the first part of the problem. Solved by B. Lawrence. Lawrence
proved that all zero-dimensional subsets of R have a homogeneous ω-power [65]. A. Dow
and E. Pearl proved that all zero-dimensional first countable spaces have a homogeneous
ω-power [39]. The problem of which zero-dimensional subsets of R have a CDH ω-power
remains open.
Problem 394. No. Solved by H.P. Chen [28]. Chen constructed a Hausdorff space which
is a quotient image of a metric space but which is not a compact-covering quotient image
of a metric space. Chen asked whether there exists such a space which is at least regular.
Problem 398. Consistently, the gap between the inductive dimensions for nonseparable
metrizable spaces can be arbitrarily large. See Problem 399.
Problem 399. Yes, consistently. S. Mrówka constructed an example of a zero-dimensional
metrizable space, called νµ0, such that under a particular set-theoretic axiom S(ℵ0),
νµ0 does not have a zero-dimensional completion [81]. Specifically, under S(ℵ0) each
completion of νµ0 contains a copy of the interval. In particular, indνµ0 = 0 and,
under S(ℵ0), dimνµ0 = 1. Mrówka extended this result to show that under S(ℵ0), any
completion of (νµ0)2 contains copy of the square [82].
J. Kulesza generalized this by showing that under S(ℵ0), every completion of (νµ0)n
contains an n-cube [63]. In particular, Ind(νµ0)n = dim(νµ0)n = n under S(ℵ0). This
provides answers to Problems 398 and 399.
R. Dougherty proved the relative consistency of the set-theoretic axiom S(ℵ0) [37].
S(ℵ0) has roughly the strength of an Erdo˝s cardinal. Specifically, Dougherty proved that
from the Erdo˝s cardinalE(ω1+ω), S(ℵ0) is consistent and that from S(ℵ0), it is consistent
that E(ω) exists.
Problem 423. Problem 423, as it appears in the book, was solved by A.N. Dranishnikov
and V.V. Uspenskij [42]. R. Pol informed Uspenskij that the problem should have been
posed differently.
Problem 423. Let f :X → Y be a continuous map of a compactum X onto a
compactum Y with dimf−1(y) = 0 for all y ∈ Y . Let A be the set of all maps
u :X→ I into the unit interval such that u[f−1(y)] is zero-dimensional for all y ∈ Y .
Do almost all maps u :X→ I , in the sense of Baire category, belong to A?
H. Torun´czyk gave a positive answer under the assumption that Y is countable-dimen-
sional. Uspenskij extended this result to the case when Y has property C [109]. In the
general case, the revised problem remains open.
Problem 438. No. S. Ye and Y.-M. Liu constructed a connected metric space with infinite
span and zero surjective span. This settles Problem 438 in the negative. The problem
remains open for continua.
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Problem 445. No. Answered by P. Minc [77]. Minc gave an example of a hereditarily
indecomposable tree-like continuum without the fixed point property.
Problem 458. No. J. Prajs announced that the answer is negative. There is an arcwise-
connected homogeneous curve that is not locally connected. A preprint is available [87].
Problem 467. Answered by J. Rogers. Rogers proved that if X is a homogeneous,
decomposable continuum that is not aposyndetic and has dimension greater than one, then
the dimension of its aposyndetic decomposition is one.
Problem 477. W.W. Comfort asked for which cardinals α  2c there exists a topological
groupG such thatGγ is countably compact for all cardinals γ < α, butGα is not countably
compact.
K.P. Hart and J. van Mill showed α = 2 is such a cardinal under MAcountable [56]. Under
MAcountable, A. Tomita showed that α = 3 is such a cardinal [108] and there are infinitely
many such cardinals α < ω [106]. Under MAcountable, A. Tomita and S. Watson showed
that such cardinals include all α < ω, with examples where the witnessing groups contain
no nontrivial convergent sequences. A manuscript is being prepared.
Problem 482. Yes. Answered by A. Tomita and S. Watson. They proved that under
MAcountable, there are a p-compact group and a q-compact group whose product is not
countably compact. A manuscript is being prepared.
Problem 487. No, to part (a) of the problem. V. Malykhin proved that there is a topological
group of countable tightness that is not p-sequential for any p ∈ ω∗ [49]. This is a negative
answer to both Problems 486 and 487(a).
E. Reznichenko proved that there is a homogeneous space of countable tightness that is
not p-sequential for any p ∈ ω∗ [90]. This is a negative answer to Problem 487(a).
Problem 497. No. Answered by P. Gartside, E.A. Reznichenko and O.V. Sipacheva [50].
There is a Lindelöf topological group with cellularity 2ℵ0 .
Problem 508. Yes, consistently. M. Tkachenko asked for a ZFC example of a countably
compact group topology on the free Abelian group on c many generators. Under CH,
Tkachenko had constructed an example that was even hereditarily separable and connected.
A. Tomita constructed an example under MAσ -centred [107]. A. Tomita and S. Watson
constructed an example under MAcountable. A manuscript is being prepared.
Problem 515. No. Solved by K. Kunen and by D. Dikranjan and S. Watson. Kunen
proved that there are countably infinite Abelian groups whose Bohr topologies are not
homeomorphic [64]. Dikranjan and Watson showed that for every cardinal α > 22c there
are two groups of cardinality α with nonhomeomorphic Bohr topologies [36]. Both results
are in ZFC. These counterexamples answer Problems 515 and 516 in the negative.
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Problem 516. No. Solved by K. Kunen and by D. Dikranjan and S. Watson. See
Problem 515.
Problem 517. This problem is still open. It was reported previously that Problems 516
and 517 had been answered. See Problem 515.
Problem 523. It was mentioned in the sixth status report that D. Robbie and S. Svetlichnyi
found a counterexample to the Wallace problem under CH [91]. A. Tomita produced a
counterexample under MAcountable [105].
Problem 535. A special case was solved by Y.-M. Liu and J.-H. Liang [66,67]. They
proved that a continuous L-domain L with a least element is conditionally complete
(“bounded complete”) iff Is[X→L] = σ [X→ L] for all core compact spaces X.
Problem 540. Solved for some special cases by B.S. Burdick [25]. Problem 540 asks
whether iterating the operation of taking the dual topology eventually leads to a mutually
dual pair of topologies. Burdick gives an affirmative answer to this problem for several
classes of spaces. Some of the special cases covered are: any T1 space (already solved in
1966 by Strecker), the lower Vietoris topology on any hyperspace, the Scott topology for
reverse inclusion on any hyperspace, and the upper Vietoris topology on the hyperspace of
a regular space. In all these special cases, T dd = T dddd , and therefore at most four distinct
topologies, T ,T d,T dd,T ddd , can be created by iterating the dual operator.
Problem 549. Problem 549 asks to “find more absorbing sets”. There have been three
approaches to solving this very general and vague problem. There have been many papers
and some of the authors are listed here.
(1) Searching for concrete natural examples of absorbing spaces: J. Baars, T. Banakh,
R. Cauty, J. Dijkstra, T. Dobrowolski, H. Gladdines, S. Gul’ko, W. Marciszewski,
J. van Mill, J. Mogilski, T. Radul, K. Sakai, T. Yagasaki, M. Zarichnyi.
(2) Constructing absorbing spaces for certain concrete classes: T. Dobrowolski,
J. Mogilski, R. Cauty, M. Zarichnyi, T. Radul, J. Dijkstra.
(3) General constructions of absorbing spaces:
(a) The technique of soft maps and inverse systems: M. Zarichnyi, see [18, §2.3].
(b) Producing C-absorbing spaces for [0,1]-stable classes C: T. Banakh, R. Cauty,
see [18, §2.4] or [17, §6].
Problem 551. Yes. Solved by M. Zarichnyi [110].
Problem 555. Yes. Answered by A. Chigogidze and M. Zarichnyi. Every n-dimensional
C-absorbing set is representable in R2n+1. A proof based on S. Ageev’s characterization
theorem for Nöbeling manifolds [1] is given in a preprint by Chigogidze and Zarich-
nyi [29].
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Problem 564. No. R. Cauty observed that the open unit ball in $2 enlarged by a subset of
the unit sphere that is of a suitable higher Borel complexity yields a (nonclosed) convex set
that provides a negative answer to Problems 564 and 565. Cauty’s answers were mentioned
in the second status report.
A positive answer to Problem 564 is found for a wide class of λ-convex sets (including
topological groups and closed convex sets in locally convex linear metric separable spaces)
and classes C (including almost all absolute Borel and projective classes); see [15],
[16, §4.2,§5.3], [18].
Problem 565. No. R. Cauty’s example for Problem 564 provides a negative answer to
Problem 565.
Problem 567. Yes. Solved by M. Zarichnyi and by T. Banakh and R. Cauty. Problem 567
asks to find an infinite-dimensional absorbing set in R∞ which does not admit a group
structure.
Such an absorbing set was constructed by M. Zarichnyi [18, §4.2.D]. This set admits
no cancellable continuous operation X × X→ X and thus is not homeomorphic to any
convex subset of a linear topological space. A σ -compact absorbing space with the same
properties was constructed by T. Banakh and R. Cauty [17].
Problem 568. T. Dobrowolski and J. Mogilski note that the notion of λ-convexity used in
their set of problems is stronger than the usual one. In particular, their λ-convex sets are
subsets of metric topological groups. Usually, a set is meant to be λ-convex if it admits
an equiconnecting function. The absolute retract property implies the usual notion of λ-
convexity.
So, having in mind such a weaker notion, the assumption “λ-convex” would be
superfluous in Problems 560, 561, 563–565, and 568. With such a weaker notion of λ-
convexity, the examples in Problem 567 provide a negative answer to Problem 568. In the
sixth status report, it was mentioned that Problem 568 was solved, but that referred to the
weaker usual notion of λ-convexity. Problem 568 is still open.
Problem 569. No. Solved by T. Banakh. By modifying a counterexample due to
W. Marciszewski [68], Banakh constructed a linear absorbing subset of R∞ that is not
homeomorphic to any convex subset of a Banach space as well as a linear absorbing subset
of $1 that is not homeomorphic to any convex subset of a reflexive Banach space. See
[18, §5.5.B]. These provide negative answers to Problems 569 and 570.
Problem 570. No. Solved by T. Banakh. See Problem 569.
Problem 575. Yes. Answered by N. Nhu, J. Sanjurjo and T. An [83]. They proved that
Roberts’ example is an AR, therefore homeomorphic to the Hilbert cube.
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Problem 576. Yes, for a special case. Solved by T. Banakh in the case whereW is a subset
of a locally convex space and W contains an almost internal point (the latter occurs if W is
centrally symmetric) [15].
Problem 588. Problem 588 asks to find interesting (different from Σ and from that of [35,
Example 4.4]) σ -compact absorbing sets which are not countable-dimensional.
For every countable ordinal α, T. Radul [89] constructed a C-compactum universal for
the class of compacta with dimC  α. Using this result, Radul proved that for uncountable
many ordinals β there exist noncountable-dimensional pre-Hilbert spaces Dβ which are
absorbing spaces for the class of compacta with dimC less than β . Here, dimC is Borst’s
transfinite extension of covering dimension which classifies C-compacta.
M. Zarichnyi showed that some absorbing sets for classes of compacta of given
cohomological dimension are not countable-dimensional [111].
Problem 603. No. Answered by W. Marciszewski and T. Dobrowolski. Problems 603, 605
and 606 have been answered in the negative. No preprint is available yet.
Problem 604. No. Answered by T. Banakh. Banakh gave an example of a Borel pre-
Hilbert space E homeomorphic to E ×E but not to E∞f . See [14] and [18, §5.5.C].
Problem 605. No. Answered by W. Marciszewski and T. Dobrowolski. See Problem 603.
Problem 606. No. Answered by W. Marciszewski and T. Dobrowolski. See Problem 603.
Problem 608. Yes. Answered by S. Ageev. A preprint is available [1]. The Nöbeling
spaces N2k+1k are the k-dimensional analogues of Hilbert space. N
2k+1
k is a separable,
topologically complete (i.e. Polish), k-dimensional absolute extensor in dimension k (i.e.
AE(k)) with the property that any map of an at most k-dimensional Polish space into
N2k+1k can be arbitrarily closely approximated by a closed embedding (i.e. it is a strong
k-universal Polish space). Problem 608 asks if these properties characterize the Nöbeling
spaces N2k+1k , for k  0. Ageev proved that these properties characterize the Nöbeling
spaces N2k+1k , for every k > 1. The one-dimensional case was proven by K. Kawamura,
M. Levin and E.D. Tymchatyn [60].
Problem 677. Yes. Answered by U.H. Karimiov and D. Repovš [59]. Karimov and Repovš
proved that:
(1) Every compact metrizable space is weakly homotopy equivalent to a cell-like
compactum;
(2) There exists a noncontractible cell-like compactum whose suspension is con-
tractible.
The second result gives an affirmative answer to Problem 677.
Problem 766. Yes, the conjecture of M.G. Barrat, J.D.S. Jones and M.E. Mahowald is
true. Solved by J. Klippenstein and V. Snaith [61].
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Problem 810. M. Morimoto’s Problems 810–813 ask if there are smooth one fixed point
actions of compact Lie groups (possibly finite groups) on S3, D4, S5, or S8, respectively.
When G is a compact Lie group, if a G-manifold has exactly one G-fixed point then the
action is said to be a one fixed point action.
• M. Furuta proved that there are no smooth one fixed point actions on S3 of finite
groups [48]. This was also proved by N.P. Buchdahl, S. Kwasik and R. Schultz [24,
Theorem I.1]. These are negative answers to Problem 810 in the case of finite groups.
• In [24, Theorem II.2], N.P. Buchdahl, S. Kwasik and R. Schultz proved that there are
no locally linear, one fixed point actions on homology 4-dimensional spheres of finite
groups. This is a negative answer to Problem 811 in the case of finite groups.
• In [24, Theorem II.4], N.P. Buchdahl, S. Kwasik and R. Schultz proved that there are
no locally linear one fixed point actions on homology 5-dimensional spheres of finite
groups. This is a negative answer to Problem 812 in the case of finite groups.
• M. Moromoto proved that there exist smooth one fixed point actions on S6 of A5
[79,80].
• A. Bak and M. Morimoto proved that there exist smooth one fixed point actions on
S7 of A5 [8, Theorem 7].
• A. Bak and M. Morimoto proved that there exist smooth one fixed point actions on
S8 of A5 [9]. This is a postitive answer to Problem 813.
Problem 811. No, for the case of finite groups. Answered by N.P. Buchdahl, S. Kwasik
and R. Schultz. See Problem 810.
Problem 812. No, for the case of finite groups. Answered by N.P. Buchdahl, S. Kwasik
and R. Schultz. See Problem 810.
Problem 813. Yes. Answered by A. Bak and M. Morimoto. See Problem 810.
Problem 822. Yes. Answered by B. Oliver. Problems 822–824 concern the question of
which smooth manifolds can occur as the fixed point sets of smooth actions of a compact
Lie group on disks (or Euclidean spaces). Complete answers can be given in the case where
G is a finite group not of prime power order. Specifically, for a compact smooth manifold
F , Oliver described necessary and sufficient conditions for F to occur as the fixed point
set of a smooth action of G on a disk (or Euclidean space) [84]. Oliver’s description of the
necessary and sufficient conditions imply affirmative answers to Problems 822–824.
In the case where G is of p-power order for a prime p, a compact smooth manifold F
occurs as the fixed point set of a smooth action of G on a disk if and only if F is mod p-
acyclic and stably complex. This follows from Smith theory and the results of L. Jones [58].
A similar result holds in the case where G is a compact Lie group such that the identity
connected component G0 of G is Abelian (i.e. G0 is a torus) and G/G0 is a finite p-
group for a prime p. Moreover, K. Pawalowski proved that for such a group G, a smooth
manifold F without boundary occurs as the fixed point set of a smooth action of G on
some Euclidean space if and only if F is mod p-acyclic and stably complex [86].
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Problem 823. Yes. Answered by B. Oliver. See Problem 822.
Problem 824. Yes. Answered by B. Oliver. See Problem 822.
Problem 890. No. Solved by R. Cauty. See Problem 981.
Problem 892. No, to the first part. Solved by R. Cauty. See Problem 981.
Problem 894. No. Solved by R. Cauty. See Problem 981.
Problem 899. It was mentioned in the sixth status report that Problem 899 was “solved
in the affirmative by S.A. Antonyan”. That report referred to the question of whether the
Banach–Mazur compactaQ(n) are AR’s. Antonyan’s result can be found in [5]. This result
was also also proven by S.M. Ageev, S.A. Bogatyı˘ and P. Fabel in [4].
Problem 899 further asks whether the Banach–Mazur compacta are Hilbert cubes.
Antonyan proved that the Banach–Mazur compactumQ(2) is not a Q-manifold [6]. Ageev
and Bogatyı˘ proved that the Banach–Mazur compactum Q(2) is not homeomorphic to the
Hilbert cube [2,3].
Problem 900. Yes. Answered by T. Banakh. For part (a), see Theorem 1.3.2 of [18]. This
result was reproved afterward by T. Dobrowolski [34]. For part (b), see [13], which also
contains the positive answer to the nonseparable version of part (a). This implies a positive
answer to Problem 554 since each C-absorbing space is an AR with SDAP.
Problem 981. No. R. Cauty constructed a metrizable σ -compact linear topological space
that is not an absolute retract but can be embedded as a closed linear subspace of an
absolute retract [26]. This important result was announced in the fifth status report. This
example answers Problem 560, Problem 890, the first part of Problem 892, Problem 894,
Problem 981, Problem 982, Problem 984(b), Problem 985 except for the case of compact
spaces, the first part of Problem 988, and Problem 995.
Problem 982. No. Solved by R. Cauty. See Problem 981.
Problem 984. No, to part (b). Solved by R. Cauty. See Problem 981.
Problem 985. No, except for the case of compact spaces. Solved by R. Cauty. See
Problem 981.
Problem 986. Yes. Solved by R. Cauty. Every compact convex subset of a linear metric
space has the fixed point property. A preprint is available.
Problem 988. No. R. Cauty’s counterexample provides a negative answer to the first part
of Problem 988 [26]. See Problem 981. W. Marciszewski’s counterexample provides a
negative answer to the second part [68]. See Problem 996.
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Problem 989. No. Answered by W. Marciszewski. See Problem 996.
Problem 993. No. Solved by R. Cauty [27]. J. Grabowski obtained a very elegant and
short solution [51].
Problem 995. No. Solved by R. Cauty. See Problem 981.
Problem 996. No. Answered by W. Marciszewski. Marciszewski contructed two coun-
terexamples [68].
Theorem. There exists a separable normed space X such that X is not homeomorphic to
any convex subset of a Hilbert space. In particular,X is not homeomorphic to a pre-Hilbert
space.
Theorem. There exists a separable locally convex linear metric space Y such that Y
is not homeomorphic to any convex subset of a normed space. In particular, Y is not
homeomorphic to a normed space.
The first example gives a negative answer to Problems 988 and 989. The second example
gives a negative answer to Problem 996.
Problem 1008. Yes. T. Banakh and K. Sakai answered these and many other questions
[93,19].
Problem 1053. No, consistently and yes, consistently. In his article, A.V. Arkhangel’skiı˘
stated that Problem 1053 is equivalent to this question.
Suppose X is a compact Hausdorff space. If there exists a Lindelöf subspace Y of
Cp(K) that separates points of X, must X be countably tight?
O. Pavlov proved that, assuming ♦, there exists a compact Hausdorff space X of
uncountable tightness such that Cp(X) contains a separating family which is a Lindelöf
space. A preprint is available [85]. Arkhangel’skiı˘ had shown that there is a consistent
positive answer to Problem 1053 [7].
Problem 1068. Problem 1068 asks if there is a Borel, or even Gδ , two-point set in the
plane. These questions are still unsolved. J.J. Dijkstra and J. van Mill showed that if a
two-point set is Gδ then it must be nowhere dense in the plane. A preprint is available [32].
Problem 1070. No. Answered by J.J. Dijkstra and J. van Mill [31] and by D. Mauldin [69].
The problem should have been stated differently.
Problem 1070. Can a compact zero-dimensional partial two-point set always be
extended to a two-point set?
The solutions answer the restated problem negatively.
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In view of Mauldin’s results of [69], it seems more appropriate to ask under what
conditions a compact partial two-point set with zero linear Hausdorff measure can be
extended to a two-point set. There are some fairly definitive results about this.
In [33], J.J. Dijkstra, K. Kunen and J. van Mill proved that there exist compact partial
two-point sets with linear Hausdorff measure zero (even with Hausdorff dimension zero)
that are not contained in a two-point set. Another result is that, assuming MA, if a partial
two-point set has the property that the linear Hausdorff measure of its square is zero then it
is extendible to a two-point set. Actually, the theorem in [33] is slightly weaker; the result
as stated here will appear in a paper by K. Bouhjar and J.J. Dijkstra [23].
Problem 1084. M. Barge and J. Kennedy asked:
Problem 1084. Let {p1,p2, . . . , pn} be a set of n 2 distinct points in the sphere S2.
Is there a homemorphism of S2 \ {p1,p2, . . . , pn} such that every orbit of the
homeomorphism is dense?
Problem 1085. Is there a homeomorphism of Rn, n 3, such that every orbit of the
homeomorphism is dense?
T. Homma and S. Kinoshita had proven the following theorem in 1953 [57], which
provides a negative answer to both Problems 1084 and 1085.
Theorem. If X is a locally compact, noncompact, separable metric space then for any
continuous self-map of X, the set of all points with a dense orbit has empty interior in X.
N.C. Bernardes Jr. proved a generalization of this theorem to locally compact spaces
which are not necessarily metrizable [22]. Bernardes proved that if X is a locally compact
Hausdorff space which is not compact and has no isolated points, then for every continuous
self map of X, the set of all points with a dense orbit has empty interior in X.
Problem 1085. No. See Problem 1084.
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